Andy van Dam September 10, 1996 Introduction to Computer Graphics 1/44

Overview of Lectur e

• Initial Pr oblem Statement: Line Drawing

• Preliminary Solution

• Digression on lines (r eview of geometry)

• Digression on forwar d dif ferences

• Revised solution

• Analysis of solution and of pr oblem statement

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 2/44

The Pr oblem

Line Drawing

• Draw a line on a raster scr een between two points.

• What’s wr ong with the statement of the problem? – it doesn’t say anything about which points are allowed as endpoints – it doesn’t give a clear meaning to “draw.” – it doesn’t say what constitutes a “line” in the raster world.

– it doesn’t say how to measure the success of a proposed algorithm.

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 3/44

Problem Restatement

• Given two points and in the plane, determine which pixels on a raster scr een should be on in order to make a pictur e of a unit-width line segment starting at and ending at .

– still fails to address what points are valid

endpoints, and what is our criterion for success.

More Precise Statement

• Given two points and in the plane, both with integer coor dinates, determine which pixels on a raster scr een should be on in order to make a pictur e of a unit-width line segment starting at and ending at .

– only thing missing is criterion for success, which

will prove elusive...

P Q

P Q

P Q

P Q

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 4/44

Drawing a Line

• Horizontal line, diagonal line

Andy van Dam September 10, 1996 Introduction to Computer Graphics 5/44

Drawing a Line

• Shallow slope line

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 6/44

Drawing a Line

• What if the grid is smaller?

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 7/44

Some Conclusions

• The line should have some thickness independent of the grid spacing (i.e., resolution)

• In other wor ds, it’s really a thin r ectangle

• For horizontal lines, the thinnest r ectangle we can hope for is one interpixel-distance

• We should try to draw a “one pixel wide rectangle” instead of a line

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 8/44

Approach:

• For each in the integer grid that is also within the thin r ectangle, set ; else set .

• Commentary:

– we have no justification that this is correct. In this case

– who is to say this pixel should not be on? It might make sense......

– we have said what to do, but not how .

a b,( ) pixel a b,( ) 1= pixel a b,( ) 0=

Andy van Dam September 10, 1996 Introduction to Computer Graphics 9/44

A Reconsideration (1/2)

(Hack city)

• Looking for points that lie within the thin rectangle

• For horizontal and diagonal line, just drawing one pixel in each column looked pr etty good

• Revise our goal: seek to draw , in each column of the image, exactly one pixel that is within the thin r ectangle.

• Sometimes ther e are two!

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 10/44

A Reconsideration (2/2)

• We pick the one “closer” to mid-line. How to measur e?

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 11/44

Further Simplification: Look for Symmetry

• If we could “draw” lines with shallow positive slope (0 < slope < 1), we would be done.

• To draw lines with shallow negative slope (0 > slope > -1), we just negate all y-values.

• For lines with slope > 1 or slope < -1, we swap x- and y-axes.

• Code looks like this:

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 12/44

(void) swap_y_draw(int x, int y)
{
   draw_pixel(x, -y)
}

(void) swap_xy_draw(int x, int y)
{
   draw_pixel(y, x)
}

(void) swap_xy_y_draw(int x, int y)
{
   draw_pixel(y, -x)
}
... if (0 <= slope <= 1)
   draw_fn = draw_pixel
   draw_line(Px, Py, Qx, Qy, draw_fn)
else if (-1 <= slope <= 0)
   draw_fn = swap_y_draw
   draw_line(Px, -Py, Qx, -Qy, draw_fn)
else if (1 < slope)
   draw_fn = swap_xy_draw
   draw_line(Py, Px, Qy, Qx, draw_fn)
else
   draw_fn = swap_xy_y_draw
   draw_line(-Py, Px, -Qy, Qx, draw_fn)
...

Andy van Dam September 10, 1996 Introduction to Computer Graphics 13/44

Revised Pr oblem Statement

• We have simplified pr oblem using symmetry:

need only deal with lines with 0 <= slope <= 1 • Simplified pr oblem using assumption about close pixels being r elevant ones...

Given and , points

of the integer lattice, with

find, for each between and the point that is closest to the line between and .

• The “closest” will give us tr oubles later .

P x0 y0,( )

= Q x1 y1,( ) =

x0 x1<

y0 y1<

y1 y0–

( ) x1 x0–( ) ≤

x x0 x1 x y,( ) P Q

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 14/44

An Example

Line from to Equation is

Let distance from any point ( a, b) to Lbe .

Then

• Let’s derive this formula

0 1,( ) 9 3,( ) 2x – 9y 9–

+ 0=

d_L

dL a b,( ) 2a– 9b 9–+ 2 2 9 2 + ----------------------------------- 2a– 9b 9–+ 85 ----------------------------------- = =

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 15/44

Implicit Formula for Lines (1/2)

• 2 point formula: infinite line between (x_0, y_0) and (x_1, y_1) is Δy mΔx = (explicit form)

y y0–( ) y1 y0– ( ) x1 x0– ( ) --------------------- x x0–( ) = =

y y0–( ) x1 x0–( ) y1 y0–( ) x x0–( ) =

y x1 x0–

( ) x1y0– x0y0+ ( ) + x y1 y0–( ) x0y1– x0y0+( ) + =

y x1 x0–

( ) x1y0– x0y1+ ( ) + x y1 y0–( ) = =

x y0 y1–

( ) y x1 x0–( ) x1y0– x0y1+ ( ) + + 0=

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 16/44

Implicit Formula for Lines (2/2)

• Formula has the implicit form . • If (implicit set definition), and is not , and ...

• then , i.e., the coef ficients ar e

adjustable, up to a scale factor .

• This adjustability up to a scale factor will appear later in the guise of “homogeneous coordinates," which ar e one of the triumphs of art and geometry .

• Later we’ll use parametric form

(handles infinite slopes, finite line segments).

Ax By C

+ + 0= L x y,( ):Ax By C++ 0= { } = c 0 L_1 x y,( ): cA( )x cB( )y cC( )+

+ 0= { } = L L1 =

x 1 t–( )x0 tx1+ = y 1 t–( )y0 ty1+ =

Andy van Dam September 10, 1996 Introduction to Computer Graphics 17/44

Digression on Dot Pr oducts (1/2)

• Dot pr oducts (inner pr oducts) between vectors are defined simply as sum of pairwise multiplications (NOT vector multiplications!)

• Can also use r ow

vectors • The dot pr oduct of with itself is ther efore

which (for or ) looks like the squar e of the distance fr om to the origin.

• Define the “norm”

as the length of .

x1 ⋅ ⋅ ⋅ xn y1 ⋅ ⋅ ⋅ yn • x1y1 … xnyn + + =

x1 … xn + + [ ] y1 … yn + + [ ] • x x12 … xn2 + + n 2= n 3= x

x x12 … xn2 + + = x

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 18/44

Digression on Dot Pr oducts (2/2)

Dot pr oducts and angles • A unit vector is one with . • If and are unit vectors, then ther e’s a relation between the dot pr oduct and the angle between and , namely

• In general (even for non-unit vectors)

• The rule of thumb is that measur es “how much points in the same dir ection as ”. Positive means “same dir ection”.

x 1= x y θ x y

x y• θcos = x

y θ

x y• x y θcos = x y• x y

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 19/44

Distance to Line Using Dot Pr oduct (1/6)

• A geometric interpr etation of Ax + By +C = 0.

Rewrite it as

• Then we see (assuming ( A,B) is a unit vector) that the line L is perpendicular to ( A,B) at a distance of - C from the origin:

• Generalizes to plane equation

with normal

A B x y • C–=

L

(A,B)

(x, y)

- C

N A B C, , [ ] = N Ax By Cz D

+ + + 0=

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 20/44

A Different Interpr etation of A Line

• If we let , then the graph of looks like this:

• Our line is the intersection of two planes wher e .

z h= x y,( ) Ax By C + + = h

Ax+By+C = 0 y

x z = h(x,y)

h 0=

Andy van Dam September 10, 1996 Introduction to Computer Graphics 21/44

Distance to Line (2/6)

• Find distance fr om a to the line .

• For some , is a point P of (vector addition).

• The length of is the distance to . – . – point P is on if and only if

– solving for , we get

R a b,( ) = L x y,( ): Ax By C++ 0= { } = Ax + By + C = 0

(A, B) s A B,( ) (a,b) P

-C s P a b,( )

= s A B,( ) + L s A B,( ) L a b,( ) s A B,( ) + a sA,b sB+ + ( ) = L A a sA+( ) B b sB+( ) C

+ + =

Aa sA2

+ Bb sB2 C

+ + + 0= s s C– Aa– Bb–

A2 B2+

---------------------------------- =

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 22/44

Distance to Line (3/6)

• The length of is

• In absolute value, we can r emove the negatives from to get

• For a fixed representation of the line , the distance to a variable point is proportional to .

s A B,( )

s = A B,( ) s= A2 B2+ C Aa Bb––– A2 B2+

------------------------------------ A2 B2+ ⋅ = s A B,( )

C– Aa Bb– –

dL R( ) Aa Bb C++ A2 B2+

------------------------------ =

L a b,( ) Aa Bb C + +

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 23/44

Distance to Line (4/6)

• OBS I: If the line passes between and then exactly one of and will be negative. a b,( ) c d,( ) h a b,( ) Aa Bb C+ + = h c d,( ) Ac Bd C + + =

y

x z = Ax + By + C

a b,( ) (c, d)

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 24/44

Distance to Line (5/6)

• OBS II: The average of any two numbers will be positive if gr eater of the numbers is positive, and similarly for negative values.

• OBS III: The average,

is the same as the value of midway between the points:

• Check:

h a b,( ) h c d,( ) + 2 ---------------------------------------- h

h a c+ 2 ----------- b d+ 2 ------------ ,

h a b,( ) h c d,( ) + 2 ---------------------------------------- Aa Bb C Ac Bd C

+ + + + + 2 -------------------------------------------------------------------- = = A a c+( ) C B b d+( ) C

+ + + 2 --------------------------------------------------------------------- A a c+ 2 ----------- B b d+ 2 ------------ C + + = h a c+ 2 ----------- b d+ 2 ------------ ,

Andy van Dam September 10, 1996 Introduction to Computer Graphics 25/44

Distance to Line (6/6)

• So ... this midpoint value determines which of the two points is closer to the line: pick the point with opposite sign • We can use either the midpoint value or the average of the values (they’r e equal) to make the determination. W e’ll call this value the decision variable for picking the closer pixel.

a b,( )

x y

c d,( ) a c+ 2 ----------- b d+ 2 ------------ ,

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 26/44

An Emerging Algorithm:

• Walk from to . • Start by turning on • For each subsequent step: • Increment . • Look at to choose between two possible points: and . – if positive, turn on one pixel – if negative turn on the other – if you chose , increment – otherwise do nothing

• Remember h=0 on the line x0 x1 x y,( ) x0 y0,( ) =

x h x y 1 2 --+ , x y,( ) x y 1+,( )

x y 1+,( ) y

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 27/44

Example

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 28/44

An ambiguity:

• Q: When we evaluate and find it positive, do we turn on ?

• A: It all depends. • If increasing the value of increases the value of , then we should turn on and conversely .

• Unfortunately , an incr ease in may incr ease or decr ease it, depending on the value of • If is positive, then incr easing also incr eases

• If is not positive...we can multiply all thr ee of by ...

• Recall the form of the line:

• Note that in our r estricted case, is already positive!

h x y 1 2 --+ , x y,( ) or x y 1+,( )

y h x y,( ) y h B B y h B A B C , , 1–

x y0 y1–

( ) y x1 x0–( ) x1y0– x0y1+ ( ) + + 0= B

Andy van Dam September 10, 1996 Introduction to Computer Graphics 29/44

The Midpoint Algorithm(v .I)

/* for slopes between 0 and 1 */
midpoint_special_case(
   int x0,
   int y0, /* left end of line */
   int x1,
   int y1 /* right end of line */
)
{
   int x, y;
   int A, B, C;
   A = (y0 - y1); B = (x1 - x0);
   C = x0*y1 - x1*y0;
   Pixel(x0, y0);
   for (x = x0 + 1; x <= x1; x++) {
      if ((A*x + B*(y+0.5)+ C) < 0){
         /* draw top pixel */
         y++;
         Pixel(x, y);
      }
      else {
         /* draw bottom pixel */
         Pixel(x, y);
      }
   }
}

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 30/44

Analysis

• We’ve ignored the < 0 vs <= 0 issue.

• Need to check boundary conditions: slope = 0, , etc.

• Uses 2 multiplies, 3 adds, 2 compar es per pixel drawn. Uses floating point values....

• Claim: Can do much better .

• Note: since we only car e about signs, instead of using

or

we can use twice either one, getting rid of floating-point numbers.

x0 x1=

h x y 1 2 --+ ,

h x y,( ) h x y 1+,( ) + 2 -------------------------------------------------

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 31/44

Brief Review

• We want to draw a line segment S between two integer points P and Q; the slope of S can be assumed, using symmetry , to be between 0 and 1. • We decided that S is best r epresented by a 1 unit wide r ectangle consisting of all points whose perpendicular distance to S is less than or equal to 1/2.

• In an attempt to do this, we decided to turn on one pixel in each vertical column, hoping this will yield a good r esult.

• In each column, we pick the pixel closest to the line.

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 32/44

Continuation of Review

• We notice that if we write an equation of the line in the form , and multiply through by (if necessary) to make sur e is positive, then the function is positive for points above the line, and negative for points below it.

• We notice that the graph of is planar , and its intersection with the xy-plane is just our line.

• If and are on opposite sides of the line, then and have opposite signs.

• If is positive, and is negative, then is closer to the line, and vice versa.

• is exactly twice the value of midway between and .in particular ,

Ax By C

+ + 0= 1– B h x y,( ) Ax By C++ =

z h x y,( ) =

a b,( ) c d,( ) h a b,( ) h c d,( )

h a b,( ) h c d,( )

+ h a b,( ) a b,( ) h a b,( ) h c d,( ) + h a b,( ) c d,( ) h x y,( ) h x y 1+,( )

+ 2h x y 0.5+,( ) =

Andy van Dam September 10, 1996 Introduction to Computer Graphics 33/44

Continuation of Review

• Leads us to algorithm:

start at , ;
for each  from  to  ...
   compute
   if positive, plot
   if negative, plot  and
       increment .

• To continue impr oving the algorithm, let’s look for computational ef ficiency: can we r euse our former work?

• The answer is “yes,” but let’s arrive at it by playing a game...

x x0

= y y0= x x0 1+ x1 2h x y 0.5+,( ) x y,( ) x y 1+,( ) y

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 34/44

A Boring Game

• I think of a constant function on the r eal line.

You have to guess , ...

• f(8) =

• f(9) =

• f(10) =

• f(11) = f 8( ), f 9( ), f 10( ), f 11( )

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 35/44

A Slightly Less Boring Game

I think of an af fine function on the r eal line, and you have to guess the values at a sequence of points as befor e.

• f(3) =

• f(4) =

• f(5) =

• f(6) =

• f(7) = f x( ) ax b+ =

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 36/44

How you did it...

• You observed that... • • This is independent of . Once two successive points have let you determine the value of , you just keep adding to get subsequent answers.

f x 1+( ) f x( )

– a x 1+( ) b+ [ ] ax b+[ ] – a = = x ″a″ ″a″

Andy van Dam September 10, 1996 Introduction to Computer Graphics 37/44

Yet Another Game

• I think of a function , and you have to guess its values at a connected sequence of points, such as f(2, 3), f(3, 3), f(3, 4), f(4, 4), f(4, 5), f(5, 5), f(6, 5)...

• f(2, 3) = • f(3, 3) = • f(3, 4) = • f(4, 4) = • f(4, 5) = • f(5, 5) = • f(6, 5) = f x y,( ) Ax By C + + =

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 38/44

How you did it

• You observed that , and • , so that • if you know , and you have determined A and B, you can determine the next value...

• General definition: is called a (forwar d) dif ference of , and is denoted .

• For 2-variable functions we define

, and

• These ar e sometimes called partial differences f x 1+ y, ( ) f x y,( ) – A= f x y 1+,( ) f x y,( )

– B= f x y,( ) f x 1+( ) f x( ) – f fΔ x( )

f x y,( ) 1Δ f x 1 y,+( )

= f x y,( ) – f x y,( ) 2Δ f x y 1+,( )

= f x y,( ) –

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 39/44

More General Computations

• If you know and want to find , here‘s a way to do it (assuming you know the dif ference functions as well): (i) find (ii) find • Note: if the partial dif ferences ar e easier to compute than the function itself, then this is a good thing to do for ef ficiency • Note: if the partial dif ferences ar e constant, then the point at which they ar e computed is irrelevant, and we might just write , and leave of f the , being informal about it. • Exercise: if

then what ar e the partial dif ferences of ?

f x y,( ) f x 1,y 1+ + ( ) f x 1,y + ( ) f x y,( ) f x y,( )1Δ+ = f x 1,y 1+ + ( ) f x 1+ y,( ) f x 1+ y,( ) 2Δ+ = f

f1Δ 4= x y,( )

f x y,( ) Ax 2 Bx Cy 2 D + + + =

f

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 40/44

An Impr oved Midpoint Algorithm

• We need to compute, r epeatedly , the value of our decision variable:

• (This is just

, which we used for deciding

which pixel to choose). • We typically have computed it at some point , and use it to choose between , moving East, or , moving North East.

• The choice of pixel tells us which next midpoint is so we can update D appr opriately • •

D 2A( )x 2B( )y 2C B+( ) + + = 2h x y 1 2 --+ ,

x y,( ) x 1 y,+( ) x 1+ y 1+, ( )

D x 1 y,+( ) 2A x 1+( ) 2By 2C B+( ) + + = ΔE D x 1 y,+( )

= D x( )– 2A= D x 1 y 1+,+( ) 2A x 1+( ) 2B y 1+( ) 2C B+( ) + + = ΔNE D x 1 y 1+,+( ) D x( )– 2A 2B+ = =

Andy van Dam September 10, 1996 Introduction to Computer Graphics 41/44

The Impr oved Code

midpoint_special_case(int x0, int y0,
         int x1, int y1)
{
   int x, y, A, B, C, D, delta_E,
         delta_NE;
   A = y0 - y1; B = x1 - x0;
   C = x0 * y1 - x1 * y0;
   D = 2*A*x0 + 2*B*y0 + 2*C + B;
   delta_E = 2*A;
   delta_NE = delta_E + 2*B;
   Pixel(x0, y0);
   x = x0 + 1; y = y0;

   for(; x <= x1; x++) {
      if (D <0) { /*Draw top pixel*/
         y++;
         D += delta_NE;
      }
      else { /* D>0 draw lower pixel */
         D += delta_E;
      }
      Pixel(x, y);
   }
}

• This is equivalent to Br esenham’s algorithm.

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 42/44

Review of Pr oblem and Solution

• Problem was to render a unit-thickness line segment between two integer points in the plane.

• Revised pr oblem was to find all pixels that lay within this line segment.

• Revised pr oblem was to find all pixels that lay within vertical distance 1/2 of the centerline.

• Solution is fast, but does not entir ely solve original pr oblem.

• Midpoint(P , Q) finds all pixels within vertical distance 1/2 of the line segment fr om P to Q, assuming (a) P is to the left of Q and no higher than Q (b) Line fr om P to Q has slope no mor e than 1

• Question: How does the algorithm depend on and being integer points?

• Note: we will r eturn to original pr oblem later in lectur es on antialiasing...

• Note: in ef fect we use vertical distance: the average of 2 numbers = h(midpoint). Why is this okay?

x0 y0,( ) x1 y1,( )

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 43/44

Alternate line drawing algorithm

for x from x0 to x1
   compute y = mx + b
   Pixel(x, round(y))

• Analysis of algorithm:

– one pixel per column---reasonable only if slope is

small – uses floats and rounding---slow – generates the same pixels as the fast algorithm

(except, perhaps, in the marginal cases). – generalizes nicely to non-rational slopes and noninteger endpoints

I N T R O D U C T I O N T O C O M P U T E R G R A P H I C S

Andy van Dam September 10, 1996 Introduction to Computer Graphics 44/44

Extra Graph Paper