
Wnn_dlb\guc Ze]hjblf ihkljh_gby hklh\Z jZkljh\h]h bah[jZ`_gby
>_gbk B\Zgh\/ ?\]_gbc Dmavfbg

F_oZgbdh0fZl_fZlbq_kdbc nZdmevl_l
Fhkdh\kdbc =hkm^Zjkl\_gguc Mgb\_jkbl_l

Fhkd\Z/ Jhkkby

:gghlZpby
WlZ klZlvy ihk\ys_gZ wnn_dlb\ghfm k lhqdb aj_gby

\j_f_gb b iZfylb Ze]hjblfm ihkljh_gby hklh\Z
+kd_e_lZ, jZkljh\h]h bah[jZ`_gby1 Hklh\ y\ey_lky
ebg_cguf h[t_dlhf/ iheghklvx oZjZdl_jbamxsbf
jZkljh\mx h[eZklv/ b _]h ihkljh_gb_ iha\hey_l j_rblv
aZ^Zqm ij_h[jZah\Zgby jZkljh\h]h bah[jZ`_gby \
\_dlhjgh_ ij_^klZ\e_gb_1
< ^Zgghc jZ[hl_ ih^jh[gh h[km`^Z_lky ihgylb_

hklh\Z jZkljh\hc h[eZklb b ^Zzlky _]h nhjfZevgh_
hij_^_e_gb_1 AZl_f \\h^blky ihgylb_ ohj^u ^ey
ibdk_evghc kljhdb b k _]h ihfhsvx kljhblky [ukljuc
Ze]hjblf hlukdZgby hklh\Z1 < aZdexq_gb_
iZkkfhlj_gu jZaebqgu_ \hafh\gu_ ijbf_g_gby
ihemq_ggh]h ij_^klZ\e_gby jZkljZ1

Dexq_\u_ keh\Z= jZklj/ hklh\/ \_dlhjbaZpby1

1. <<?>?GB?
K jZa\blb_f \uqbkebl_evghc [Zau agZqbl_evgh

jZkrbjbeZkv kn_jZ ijbf_g_gby kbkl_f
Z\lhfZlbabjh\Zggh]h ijh_dlbjh\Zgby b ijhba\h^kl\Z
+K:IJ, b ]_hbgnhjfZpbhgguo kbkl_f +=BK,1 LZd dZd
[hevrbgkl\h lZdbo kbkl_f hjb_glbjh\Zgh gZ jZ[hlm k
\_dlhjghc ]jZnbdhc/ \hagbdZ_l aZ^ZqZ h
ij_h[jZah\Zgbb m`_ bf_xsboky jZkljh\uo
^hdmf_glh\/ ihemq_gguo k ihfhsvx kdZg_jZ beb
pbnjh\hc dZf_ju/ \ \_dlhjgh_ ij_^klZ\e_gby>4@1
Ih^h[gh_ ij_h[jZah\Zgb_ y\ey_lky lZd`_ hkgh\hc ^ey
ZgZebaZ \ kbkl_fZo hilbq_kdh]h jZkihagZ\Zgby
kbf\heh\ +HJK,1
GZ k_]h^gyrgbc ^_gv gZb[he__ bamq_gu ^\Z

ih^oh^Z d j_r_gbx mihfygmlhc ijh[e_fu>5@1 I_j\uc
hkgh\Zg gZ fgh]hdjZlghc nbevljZpbb bkoh^gh]h
bah[jZ`_gby/ k ihkeh`guf m^Ze_gb_f ]jZgbqguo
ibdk_e_c jZkljh\uo h[eZkl_c1 Ihke_ fgh]hdjZlgh]h
ijbf_g_gby lZdh]h nbevljZ h[eZklb j_^mpbjmxlky \
ebg_cgu_ h[t_dlu/ dhlhju_ b y\eyxlky hkgh\hc
\_dlhjgh]h ij_^klZ\e_gby1 <lhjhc ih^oh^ d j_r_gbx
ihklZ\e_gghc aZ^Zqb khklhbl \ ijhke_`b\Zgbb ebgbc/
ijhoh^ysbo \gmljb h[eZklb1 Ijb wlhf/ gZqbgZy ebgbx
\ g_dhlhjhc lhqd_/ Ze]hjblf dZ`^uc jZa \u[bjZ_l
gZbemqr__ gZijZ\e_gb_ kf_s_gby ih g_dhlhjhfm
djbl_jbx/ b l_f kZfuf/ g_ihkj_^kl\_ggh kljhbl
ebgbx1

Ke_^m_l aZf_lblv/ qlh h[Z ij_^eZ]Z_fuo f_lh^Z
bf_xl ke_^mxsb_ g_^hklZldb=

• >ey ZgZebaZ lj_[m_lky ojZg_gb_ \k_]h
bkoh^gh]h jZkljh\h]h bah[jZ`_gby +beb/ ih
djZcg_c f_j_/ [hevrh]h _]h njZ]f_glZ, \
iZfylb dhfivxl_jZ/ qlh/ k mqzlhf h[uqguo
jZaf_jh\ \ g_kdhevdh f_]Z[Zcl/ y\ey_lky
g_wdhghfbqguf>

• H[Z Ze]hjblfZ lj_[mxl bamq_gby k\hckl\
dZ`^h]h l_dms_]h ibdk_ey/ qlh ijb\h^bl d
h]jhfguf \j_f_gguf aZljZlZf gZ
ij_h[jZah\Zgb_1

< ^Zgghc jZ[hl_ ij_^eZ]Z_lky hjb]bgZevguc ih^oh^
d j_r_gbx ijh[e_fu ihkljh_gby \_dlhjgh]h
ij_^klZ\e_gby jZkljh\h]h bah[jZ`_gby/ hkgh\Zgguc gZ
bl_jZlb\ghf ZgZeba_ kljhd jZkljZ1 Hibku\Z_fuc
Ze]hjblf iha\hey_l hilbfZevgh k lhqdb aj_gby
\j_f_gb b iZfylb ihkljhblv hklh\ bkoh^gh]h jZkljZ1
JZkkfZljb\Zxlky jZaebqgu_ \hafh`ghklb
ihke_^mxs_c h[jZ[hldb hklh\Z.

2. HKLH< J:KLJH<HC H;E:KLB
>h hibkZgby Ze]hjblfZ hlukdZgby hklh\Z jZkljh\hc

h[eZklb/ \\_^_f kgZqZeZ _]h kljh]h_/ nhjfZevgh_
hij_^_e_gb_1 K wlhc p_evx [m^ml jZkkfhlj_gu
ki_pbZevgu_ nmgdpby b ih\_joghklv/ ihkljh_ggu_ gZ^
jZkljh\hc iehkdhklvx1
Mkeh\bfky jZkkfZljb\Zlv 70k\yagu_ jZkljh\u_

h[eZklb/ lh _klv lZdb_/ qlh ex[u_ ^\Z _z ibdk_ey
fh`gh kh_^bgblv 70k\yaghc ebgb_c/ e_`Zs_c \gmljb
h[eZklb1

2.1 >bkdj_lgh_ ijhkljZgkl\h gZ
jZklj_
Ihf_klbf jZklj \ ijyfhm]hevgmx _\deb^h\m

kbkl_fm dhhj^bgZl/ lZd qlh[u ibdk_eb bkoh^gh]h
bah[jZ`_gby gZdju\Zeb d\Z^jZlu kh klhjhghc ^ebgu
^\Z1 KhihklZ\b\ dZ`^hfm d\Z^jZlm Zljb[ml ± _]h p\_l/
ihemqbf ij_^klZ\e_gb_ bkoh^gh]h bah[jZ`_gby1
JZkkfhljbf ^bkdj_lgh_ ih^ijhkljZgkl\h ^Zggh]h
ijhkljZgkl\Z/ kh^_j`Zs__ \k_ lhqdb k p_ehqbke_gguf
dhhj^bgZlZfb +dZ`^hfm ibdk_ex [m^_l
khhl\_lkl\h\Zlv < lhq_d,1 Wlh ijhkljZgkl\h [m^_f
gZau\Zlv ^bkdj_lguf ijhkljZgkl\hf gZ jZklj_ b \
^Zevg_cr_f/ _keb g_ mdZaZgh hkh[h/ \k_ ihgylby [m^_f
hij_^_eylv ^ey g_]h1
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2.2 Nmgdpby jZkklhygby ^h ]jZgbpu
JZkkfZljb\Zy ^bkdj_lgh_ ^\mf_jgh_ ijhkljZgkl\h

lhq_d gZ jZkljh\hc iehkdhklb/ \\_^zf gZ g_c f_ljbdm/
h[hagZqZ_fmx

( ) ( )QyPyQxPxQPL −−=∞ ,max,:2 ρ
>ey aZ^Zgghc 70k\yaghc h[eZklb fh`gh l_i_jv

hij_^_eblv nmgdpbx jZkklhygby ^h ]jZgbpu h[eZklb
( ),),,(),( Ω∂= yxPyxR ρ ]^_

P(x,y)- lhqdZ jZkljZ k dhhj^bgZlZfb (x,y)/ Z
Ω∂ - ]jZgbpZ ^Zgghc h[eZklb1

Ihemq_ggZy nmgdpby bf__l ke_^mxsb_ k\hckl\Z=
• R(x,y) g_hljbpZl_evgZ>
• R(x,y)= 0 \ ]jZgbqguo lhqdZo h[eZklb1

< ^Zevg_cr_f/ gZfb [m^ml jZkkfZljb\Zlvky ebrv
agZq_gby nmgdpbb \ lhqdZo/ ijbgZ^e_`Zsbo bkoh^ghc
jZkljh\hc h[eZklb1

2.3 Ih\_joghklv gZ^ h[eZklvx
JZkkfhljbf ]jZnbd nmgdpbb jZkklhygby ^h ]jZgbpu

^Zgghc ibdk_evghc h[eZklb R(x,y)/ gZijZ\b\ lj_lvx hkv
i_ji_g^bdmeyjgh jZkljh\hc iehkdhklb1 Ihemqbf
ih\_joghklv \ lj_of_jghf ijhkljZgkl\_/ ihkljh_ggmx
gZ^ ^\mf_jghc h[eZklvx1 Ijbf_ju ijhkl_crbo
ih\_joghkl_c ihdZaZgu gZ Jbk141

Jbk141 Ijbf_j ih\_joghkl_c gZ^ ibdk_evghc h[eZklvx

LZd dZd ihkljh_ggu_ ih\_joghklb khhl\_lkl\mxl
nmgdpbyfb jZkklhygby ^h ]jZgbpu/ lh fh`gh ]h\hjblv
h[ bo “g_ij_ju\ghklb” \ lhf kfuke_/ qlh agZq_gby
nmgdpbb R(x,y) \ ^\mo khk_^gbo lhqdZo g_ fh]ml
hlebqZlvky [he__ q_f gZ _^bgbpm1
G_ljm^gh mklZgh\blv ke_^mxsb_ k\hckl\Z

ih\_joghklb gZ^ jZkljh\hc h[eZklvx=
• HgZ g_ bf__l lhq_d ehdZevgh]h fbgbfmfZ/ aZ

bkdexq_gb_f lhq_d ]jZgbpu h[eZklb>
• Ex[hc hlj_ahd ]jZgbpu h[eZklb hij_^_ey_l

]jZgv/ ijbgZ^e_`Zsmx ^Zgghc ih\_joghklb>
• G_ kms_kl\m_l ih\_joghklb gZ^ h[eZklvx/

kh^_j`Zs_c ]hjbahglZevgu_ ]jZgb1
I_j_qbke_ggu_ k\hckl\Z ^Zxl ij_^klZ\e_gb_ h

nhjf_ hij_^_ezgghc ih\_joghklb/ Z bf_ggh/ ihgylgh/
qlh hgZ khklhbl ba ]jZg_c/ ohly [u h^gZ ba klhjhg
dhlhjuo ijbgZ^e_`bl ]jZgbp_ h[eZklb1 Ihkljh_ggZy
lZdbf h[jZahf ih\_joghklv y\ey_lky
hkgh\hiheZ]Zxsbf ihgylb_f ^ey hij_^_e_gby hklh\Z1

2.4 J_[jh
Jz[jZfb ^Zgghc h[eZklb [m^_f gZau\Zlv hlj_adb

i_j_k_q_gby ]jZg_c _z ih\_joghklb1
<kihfgb\/ qlh jZkkfZljb\Z_fZy ih\_joghklv _klv

]jZnbd nmgdpbb jZkklhygby ^h ]jZgbpu R(x,y)/ b
mklZgh\b\ ih hij_^_e_gbx/ qlh lhqdb/ ijbgZ^e_`Zsb_
j_[jm/ ijbgZ^e_`Zl g_ f_g__ q_f ^\mf ]jZgyf/ e_]dh
fh`gh ihgylv ke_^mxs__ ml\_j`^_gb_=
Imklv lhqdZ (x,y,r) ijbgZ^e_`bl j_[jm/ lh]^Z

jZkklhygb_ hl lhqdb (x,y)/ e_`Zs_c gZ jZkljh\hc
iehkdhklb/ ^h ]jZgbqguo lhq_d h[eZklb ^hklb]Z_l
k\h_]h fbgbfmfZ [he__ q_f \ h^ghc lhqd_/ ^jm]bfb
keh\Zfb/ lhqdZ (x,y)jZ\ghm^Ze_gZ hl g_ f_g__ q_f ^\mo
qZkl_c ]jZgbpu1
Wlhl nZdl ^Zzl ijZ\h kqblZlv ihgylb_ j_[jZ

\Z`guf ^ey hij_^_e_gby hklh\Z jZkljh\hc h[eZklb1

2.5 Kd_e_l h[eZklb
H[hagZqbf { } niiR ...1= 0 fgh`_kl\h \k_o jz[_j

ih\_joghklb ^ey aZ^Zgghc 70k\yaghc ibdk_evghc
h[eZklb1 Kd_e_lhf wlhc h[eZklb [m^_f gZau\Zlv
h[t_^bg_gb_ \k_o wlbo jz[_j/ lh _klv

å
n

i
iRS

1=

= .

Ijbf_j ijh_dpbb kd_e_lZ ijhkl_cr_c h[eZklb gZ
jZkljh\mx iehkdhklv ihdZaZg gZ Jbk151

Jbk151 Ijbf_j kd_e_lZ jZkljh\hc h[eZklb

DZd m`_ aZf_qZehkv/ lhqdb iehkdhklb/
khhl\_lkl\mxsb_ jz[jZf jZ\ghm^Ze_gu hl g_ f_g__
q_f ^\mo jZaebqguo qZkl_c ]jZgbpu/ b ke_^h\Zl_evgh
g_kml bgnhjfZpbx h nhjf_ h[eZklb1 D lhfm `_ kd_e_l
ibdk_evghc h[eZklb bf__l ke_^mxs__ \Z`gh_ k\hckl\h/
h[_ki_qb\Zxs__ _]h mgbdZevghklv1

2.5.1 L_hj_fZ h[ h^ghagZqghklb kd_e_lZ

L_hj_fZ
Khhl\_lkl\b_ h[eZklv0kd_e_l y\ey_lky \aZbfgh

h^ghagZqguf/ lh _klv h[eZklv h^ghagZqgh ij_^klZ\bfZ
k\hbf kd_e_lhf1

>hdZaZl_evkl\h1
>hdZ`_f/ qlh

å
Sryx

ryxK
∈

=Ω
),,(

)),,(( / ]^_
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Ω 0 bkoh^gZy h[eZklv/
)),,(( ryxK - djm] gZ jZkljh\hc iehkdhklb k

p_gljhf \ lhqd_ (x,y) b jZ^bmkhf r +djm]
jZkkfZljb\Z_lky \ \u[jZgghc f_ljbd_,/ Z
h[t_^bg_gb_ [_jzlky ih \k_f lhqdZf/ ijbgZ^e_`Zsbf
kd_e_lm1
DZ`^uc jZkkfZljb\Z_fuc djm] ih hij_^_e_gbx

e_`bl \gmljb h[eZklb +gZihfgbf/ qlh _]h jZ^bmk _klv
jZkklhygb_ ^h ]jZgbpu hl p_gljZ,/ ke_^h\Zl_evgh b bo
h[t_^bg_gb_ lZd `_ e_`bl \ h[eZklb1
HklZehkv ^hdZaZlv/ qlh dZ`^Zy lhqdZ h[eZklb

gZdju\Z_lky ohly [u h^gbf djm]hf1 Hl ijhlb\gh]h/
imklv lhqdZ +x,y, e_`bl \ h[eZklb/ gh g_ ijbgZ^e_`bl
gbdZdhfm djm]m1 JZkkfhljbf khhl\_lkl\mxsmx _c
lhqdm +x,y,r, gZ ih\_joghklb b ]jZgv wlhc ih\_joghklb/
_z kh^_j`Zsmx1 <hkklZgh\bf i_ji_g^bdmeyj hl lhqdb
(x,y,r) d qZklb ]jZgbpu/ ihjh`^Zxs_c ^Zggmx ]jZgv/ b
ijh^ebf _]h \ ^jm]mx klhjhgm ^h i_j_k_q_gby k
khhl\_lkl\mxsbf j_[jhf1 Ihemq_ggmx lhqdm
h[hagZqbf P (kf1 Jbk16,1

P
(x,y,r)

Jbk161 D ^hdZaZl_evkl\m l_hj_fu h[ h^ghagZqghklb
kd_e_lZ

Hq_\b^gh/ qlh lhqdZ P ijbgZ^e_`bl kd_e_lm/ lZd dZd
e_`bl gZ j_[j_/ b djm] k p_gljhf \ ijh_dpbb wlhc
lhqdb gZ iehkdhklv b khhl\_lkl\mxsbf jZ^bmkhf
gZdju\Z_l lhqdm k dhhj^bgZlZfb +x,y,1 Wlhl nZdl
ijhlb\hj_qbl gZr_fm ij_^iheh`_gbx/ b/
ke_^h\Zl_evgh/ aZ\_jrZ_l ^hdZaZl_evkl\h l_hj_fu1
Dhg_p ^hdZaZl_evkl\Z1

Ohly kd_e_l b y\ey_lky h^ghagZqguf ebg_cguf
ij_^klZ\e_gb_f bkoh^ghc jZkljh\hc h[eZklb/ hg bf__l
^\Z g_^hklZldZ=

• Ba[ulhd bgnhjfZpbb1 GZah\zf jz[jZ/ h^gZ
dhgp_\Zy lhqdZ dhlhjuo e_`bl gZ ]jZgbp_
bkoh^ghc h[eZklb/ m]eh\ufb +kf1 Jbk17,1

L

A

%
&

Jbk171 Ijbf_j m]eh\h]h j_[jZ1
Djm] k p_gljhf \ lhqd_ C ± ijh_dpbb ^jm]hc

dhgp_\hc lhqdb gZ iehkdhklv/ b khhl\_lkl\mxsbf
jZ^bmkhf iheghklvx gZdjh_l hlj_ahd [BC]/ ijh_dpbx
^Zggh]h j_[jZ/ Z agZqbl b \k_ djm]b/ \hkklZgh\e_ggu_ \
ijhf_`mlhqguo lhqdZo wlh]h hlj_adZ1 Ke_^h\Zl_evgh/
^ey \hkklZgh\e_gby h[eZklb ^hklZlhqgh bf_lv ebrv
h^gm dhgp_\mx lhqdm \f_klh m]eh\uo jz[_j1

• G_k\yaghklv kd_e_lZ1 <lhjuf g_^hklZldhf
kd_e_lZ fh`gh kqblZlv _]h g_k\yaghklv1
>_ckl\bl_evgh/ kd_e_l g_ y\ey_lky k\yaguf
fgh`_kl\hf/ dZd wlh \b^gh ba Jbk151

IjbgbfZy \h \gbfZgb_ mihfygmlu_ g_^hklZldb
nhjfZevgh hij_^_ezggh]h kd_e_lZ/ Z bf_ggh _]h
ba[ulhqghklv b g_k\yaghklv/ hij_^_ebf gZdhg_p lhl
h[t_dl/ dhlhjuc fu [m^_f kqblZlv lhqguf \_dlhjguf
ij_^klZ\e_gb_f jZkljh\hc h[eZklb1

2.6 Hklh\
<\_^zf ke_^mxsb_ h[hagZq_gby=
{ } niiR ...1= 0 fgh`_kl\h jz[_j ih\_joghklb ^Zgghc

h[eZklb/ n ± bo dhebq_kl\h/
{ }

kjjRa
...1=
0 fgh`_kl\h m]eh\uo jz[_j/ k ± bo

dhebq_kl\h/
{ }

kjjC
...1=
0 fgh`_kl\h dhgp_\uo lhq_d m]eh\uo

jz[_j k g_gme_\hc \ukhlhc/

å
n

i
iRS

1=

= 0 kd_e_l ^Zgghc h[eZklb

Hklh\hf gZah\zf fgh`_kl\h lhq_d ih\_joghklb
jZkljh\hc h[eZklb/ khklhys__ ba

1. )\(\
1

j

k

j

j CRaå
=

S 0 kd_e_lZ aZ \uq_lhf m]eh\uo

jz[_j [_a dhgp_\uo lhq_d k fZdkbfZevghc
\ukhlhc1

2. DjZlqZcrbo ebgbc gZ ih\_joghklb/
kh_^bgyxsbo dhfihg_glu k\yaghklb
mdZaZggh]h fgh`_kl\Z1 Ijb wlhf ^ebgZ ebgbb
ihgbfZ_lky dZd dhebq_kl\h lhq_d \ g_c1

International Conference Graphicon 1998, Moscow, Russia, http://www.graphicon.ru/



Bkdhfh_ fgh`_kl\h [m^_f h[hagZqZlv S
ø

.

LZdbf h[jZahf/ hij_^_e_gh k\yagh_ fgh`_kl\h/
y\eyxs__ky dhfiZdlguf h^ghagZqguf ebg_cguf
ij_^klZ\e_gb_f ibdk_evghc h[eZklb1 >Ze__
jZkkfZljb\Z_lky wnn_dlb\guc Ze]hjblf ihkljh_gby
wlh]h fgh`_kl\Z1

3. :E=HJBLF IHBKD: HKLH<:
K p_evx wdhghfbb iZfylb dhfivxl_jZ b

m\_ebq_gby kdhjhklb \uiheg_gby/ [ue jZajZ[hlZg
bg^mdlb\guc Ze]hjblf1 K\hckl\h bg^mdlb\ghklb
Ze]hjblfZ khklhbl \ lhf/ qlh ^ey ZgZebaZ \oh^gh]h
bah[jZ`_gby aZ h^bg rZ] lj_[m_lky \k_]h h^gZ
]hjbahglZevgZy ibdk_evgZy kljhdZ1 LZdbf h[jZahf/
kljhdb h[jZ[Zlu\Zxlky ihke_^h\Zl_evgh k\_jom \gba/ Z
khhl\_lkl\mxs__ lhqgh_ \_dlhjgh_ ij_^klZ\e_gb_
+hklh\u, nhjfbjm_lky ih oh^m ^\b`_gby1 LZdhc ih^oh^
^Zzl \hafh`ghklv g_ ojZgblv \kz bkoh^gh_
bah[jZ`_gb_/ Z ebrv \u[bjZlv _]h ihkljhqgh1 LZdbf
h[jZahf/ bg^mdlb\guc Ze]hjblf kms_kl\_ggh wdhghfbl
iZfylv dhfivxl_jZ1

3.1 Ohj^Z
Kmsghklv Ze]hjblfZ khklhbl \ lhf/ qlh ^ey dZ`^hc

jZkljh\hc kljhdb kljhblky g_dbc h[t_dl/ gZau\Z_fuc \
^Zgghc jZ[hl_ ohj^hc1 Ohj^Z ^ey ^Zgghc kljhdb
gZke_^m_lky ba ij_^u^ms_c b ebrv bl_jZlb\gh
i_j_kljZb\Z_lky k mq_lhf gh\hc bgnhjfZpbb1 >Z^bf
kljh]h_ hij_^_e_gb_ \\_^zggh]h wlh]h ihgylby1

Hij_^_e_gb_1
JZkkfhljbf 70k\yagmx jZkljh\mx h[eZklv b

ijhba\hevgmx ]hjbahglZevgmx kljhdm ibdk_e_c wlhc
h[eZklb1 K\y`_f k wlhc kljhdhc kbkl_fm dhhj^bgZl \
^bkdj_lghf ijhkljZgkl\_ lZdbf h[jZahf/ qlh _z gZqZeh
e_`bl \ gb`g_c e_\hc lhqd_ ^Zgghc kljhdb> hkv O’x
khgZijZ\e_gZ k hkvx Ox h[t_fexs_]h ijhkljZgkl\Z/ Z
O’y ijhlb\hgZijZ\e_gZ Oy +Jbk18,1 < \u[jZgghc
kbkl_f_ dhhj^bgZl dZ`^hfm o khihklZ\bf
fZdkbfZevgh_ agZq_gb_ m/ lZdh_ qlh djm] k p_gljhf \
lhqd_ +o/m, b jZ^bmkhf m p_ebdhf e_`bl \ h[eZklb1
=jZnbd wlhc nmgdpbb gZah\zf gb`g_c ohj^hc ^ey
^Zgghc kljhdb ibdk_eh\ jZkljh\hc h[eZklb1

 

O’x

O’y

Gb`gyy
ohj^Z

Jbk181 Ijbf_j gb`g_c ohj^u

Ihgylgh/ qlh lhqdb/ e_`Zsb_ gZ gb`g_c ohj^_
^Zgghc ibdk_evghc kljhdb y\eyxlky p_gljZfb
fZdkbfZevguo djm]h\/ e_`Zsbo \ h[eZklb b
dZkZxsboky k\h_c gb`g_c ]jZgvx gb`g_]h jy^Z lhq_d/
ijbgZ^e_`Zsbo ^Zgghc kljhd_1 LZdbf h[jZahf/ fh`gh
ml\_j`^Zlv/ qlh _keb [u bkoh^gZy jZkljh\Zy h[eZklv
[ueZ [u h]jZgbq_gZ kgbam jZkkfZljb\Z_fhc kljhdhc/
lh lhqdb g_kms_c iehkdhklb/ e_`Zsb_ ih^ gb`g_c
ohj^hc/ khhl\_lkl\h\Zeb [u h^ghc ]jZgb ih\_joghklb/
ihkljh_gghc gZ^ h[eZklvx1 WlZ ]jZgv [ueZ [u
ihjh`^_gZ lhqdZfb gb`g_c ]jZgbpu/ lh _klv
]jZgbqgufb lhqdZfb ^Zgghc kljhdb1 Khhl\_lkl\_ggh/
lhqdb kZfhc ohj^u khhl\_lkl\h\Zeb [u jz[jZf
ih\_joghklb/ lZd dZd \ wlbo lhqdZo jZkklhygby dZd
fbgbfmf ^h ^\mo qZkl_c ]jZgbpu/ g_ e_`Zsbo gZ
h^ghc ijyfhc/ jZ\gu1

Ih ZgZeh]bb k ihgylb_f gb`g_c ohj^u ^Zgghc
kljhdb/ \\_^zf ihgylb_ \_jog_c ohj^u1
Hij_^_e_gb_1
>ey ^Zgghc kljhdb \\_^zf k\yaZggmx kbkl_fm

dhhj^bgZl1 ?z gZqZeh iheh`bf \ \_jog_c e_\hc lhqd_
^Zgghc kljhdb> hkv O’x khgZijZ\e_gZ k hkvx Ox
g_kms_c iehkdhklb/ Z O’y ijhlb\hgZijZ\e_gZ Oy
+Jbk19,1 < \u[jZgghc kbkl_f_ dhhj^bgZl dZ`^hfm o
khihklZ\bf fZdkbfZevgh_ agZq_gb_ m/ lZdh_ qlh djm] k
p_gljhf \ lhqd_ +o/m, b jZ^bmkhf m p_ebdhf e_`bl \
h[eZklb b _fm g_ ijbgZ^e_`Zl lhqdb e_`Zsb_ e_\__
beb ijZ\__ khhl\_lkl\mxsbo klhjhg bkoh^ghc kljhdb1
=jZnbd wlhc nmgdpbb gZah\zf \_jog_c ohj^hc ^ey
^Zgghc kljhdb ibdk_eh\ jZkljh\hc h[eZklb1

O’x

O’y

<_jogyy
ohj^Z

Jbk191 Ijbf_j \_jog_c ohj^u

G_ljm^gh aZf_lblv/ qlh \_jogyy ohj^Z ^ey ^Zgghc
kljhdb y\ey_lky gb`g_c ohj^hc kljhdb/ ihemq_gghc ba
ij_^u^ms_c m^Ze_gb_f ibdk_e_c e_`Zsbo e_\__ b
ijZ\__ khhl\_lkl\mxsbo klhjhg bkoh^ghc1 GZ Jbk1 9
h]jZgbq_gb_ \_jog_c kljhdb ihdZaZgh imgdlbjhf1

3.2 K\yav ohj^u b hklh\Z
<aZbfhk\yav ihkljh_gguo ohj^ k hklh\hf jZkljh\hc

h[eZklb hij_^_ey_lky ke_^mxsbfb ijhklufb
ml\_j`^_gbyfb/ dhlhju_ kem`Zl hkgh\hc Ze]hjblfZ
ihkljh_gby hklh\Z h[eZklb gZ hkgh\_ ZgZebaZ ohj^
ihke_^h\Zl_evguo jZkljh\uo kljhd1
Ml\_j`^_gb_ 41 >ey ex[hc lhqdb ex[h]h j_[jZ

ih\_joghklb 70k\yaghc jZkljh\hc h[eZklb gZc^zlky
ibdk_evgZy kljhdZ lZdZy/ qlh _z ohj^Z +gb`gyy beb

International Conference Graphicon 1998, Moscow, Russia, http://www.graphicon.ru/



\_jogyy, [m^_l kh^_j`Zlv ijh_dpbx ^Zgghc lhqdb gZ
g_kmsmx iehkdhklv1

Ml\_j`^_gb_ 51 >ey 70k\yaghc jZkljh\hc h[eZklb/
_keb lhqdZ (x,y) ijbgZ^e_`bl ohj^_ +\_jog_c beb
gb`g_c, ibdk_evghc kljhdb/ lh lhqdZ (x,y) c \ukhlhc y
ijbgZ^e_`bl ih\_joghklb wlhc h[eZklb1

I_j\h_ hij_^_e_gb_ ^hdZau\Z_lky i_j_[hjhf
\hafh`guo kemqZ_\/ Z \lhjh_ g_ihkj_^kl\_ggh ke_^m_l
ba hij_^_e_gby1

.
Ml\_j`^_gby 4 b 5 ih kmlb hij_^_eyxl k\yav

bkdhfh]h gZfb \_dlhjgh]h ij_^klZ\e_gby +hklh\Z,
jZkljh\hc h[eZklb b ihgylby ohj^u ^ey ibdk_evghc
kljhdb1 Ba Ml\_j`^_gby 4 ke_^m_l/ qlh ijh_dpbb \k_o
j_[_j fh]ml [ulv ihemq_gu ijb ZgZeba_ ohj^ +\_jogbo
b gb`gbo, ibdk_evguo kljhd/ Z Ml\_j`^_gb_ 5 ^Z_l
\hafh`ghklv \uqbkeylv \ukhlu m`_ ihemq_gguo lhq_d1

3.3 Hkgh\gu_ rZ]b Ze]hjblfZ
Ba \ur_kdZaZggh]h ke_^m_l/ qlh aZ^Zq_c Ze]hjblfZ

y\ey_lky ihkljh_gb_ ohj^ ^ey dZ`^hc kljhdb b bo
ZgZeba1 >ey l_dms_c kljhdb Ze]hjblf \uihegy_l ^\_
hi_jZpbb=

1. :gZeba gb`g_c ohj^u ij_^u^ms_c kljhdb ^ey
\uqe_g_gby njZ]f_glh\ bkdhfh]h fgh`_kl\Z S

ø

+\_dlhjgh]h ij_^klZ\e_gby,/ ihkljh_gb_ \_jog_c
ohj^u ^Zgghc kljhdb1

2. Ihkljh_gb_ gb`g_c ohj^u lZd`_ k ^hiheg_gb_f
]^_ g_h[oh^bfh fgh`_kl\Z S

ø
.

JZkkfhljbf ih^jh[g__ dZ`^h_ ^_ckl\b_=
RZ] �41 Ihkljh_gb_ \_jog_c ohj^u ^Zgghc

kljhdb1 GZ \oh^ Ze]hjblfZ ih^Zxlky dhhj^bgZlu
dhgph\ ke_^mxs_]h jZkljh\h]h hlj_adZ/
khhl\_lkl\mxs_]h h[eZklb1 AZ^ZqZ khklhbl \
ihkljh_gbb ih gb`g_c ohj^_ ij_^u^ms_c kljhdb
\_jog_c ohj^u ^Zgghc1 DZd aZf_qZehkv \ imgdl_ 3.1,
lZdh_ ij_h[jZah\Zgb_ fh`gh hkms_kl\blv
h]jZgbq_gb_f ke_\Z b kijZ\Z lhq_d l_dms_c ohj^u
+Jbk1 :,/ lh _klv gZ^h ebrv gZclb lhqdb i_j_k_q_gby
l_dms_c ohj^u k ebgbyfb h]jZgbq_gby1

H]jZgbq_gby

Gh\Zy kljhdZ

Gb`gyy ohj^Z
ij_^u^ms_c
kljhdb

Jbk1:1 Ihkljh_gb_ \_jog_c ohj^u

:gZeba ijbgZ^e_`ghklb lhq_d ohj^u d hklh\m
hkgh\Zg gZ \aZbfghf jZkiheh`_gbb ohj^u b gh\hc
kljhdb ibdk_e_c/ Z lZd`_ gZ jZkkfhlj_gbb lhq_d
baehfZ ohj^u/ lZd dZd bf_ggh hgb ^Zxl gZf
ij_^klZ\e_gb_ h j_[jZo ± ebgbyo baehfZ ih\_joghklb
h[eZklb1

RZ] �51 Ihkljh_gb_ gb`g_c ohj^u ih \_jog_c1
<lhjuf rZ]hf Ze]hjblfZ y\ey_lky ihkljh_gb_ gb`g_c
ohj^u ^ey ^Zgghc kljhdb jmdh\h^kl\mykv bgnhjfZpb_c
h \_jog_c ohj^_1 LZd dZd ohj^Z y\ey_lky ihebebgb_c b
aZ^Zzlky fgh`_kl\hf lhq_d baehfZ +dhgph\ hlj_adh\,/
lh ^hklZlhqgh ijhke_^blv \aZbfhk\yav wlbo lhq_d

h[_bo ohj^1 Lhqdb baehfZ [u\Zxl 80lb lbih\ +jbk1 :,1

Jbk1:1 <hafh`gu_ lhqdb baehfZ1

Baehf \b^Z V g_\hafh`_g/ lZd dZd djm]b \ lhqdZo
khk_^gbo k lhqdhc baehfZ kh^_j`Zeb [u djm] k p_gljhf
\ wlhc lhqd_ \gmljb k_[y b hg [u g_ [ue
fZdkbfZevguf1 Jbk1 ; beexkljbjm_l gZijZ\e_gby
kf_s_gby dhgljhevguo lhq_d ijb i_j_kljhcdb ohj^u1
GZqZevgZy b dhg_qgZy lhqdb ohj^u + m  3 , kf_sZxlky
khhl\_lkl\_ggh \gmljv h[eZklb k m\_ebq_gb_f
dhhj^bgZlu m1 Nhjfbjmxlky gh\u_ gZqZeh b dhg_p k
gme_\hc \ukhlhc1

Gh\Zy kljhdZ

<_jogyy ohj^Z

Gb`gyy ohj^Z

Jbk1;1 GZijZ\e_gby kf_s_gbc lhq_d baehfZ

:gZeba gZ wlhf rZ]_ Ze]hjblfZ khklhbl \
hlke_`b\Zgbb kebygby g_kdhevdbo lhq_d baehfZ \
h^gm lhqdm gZ gh\hc ohj^_ +p_glj ohj^u gZ jbk1 56,/ b
^Zevg_cr_f bkke_^h\Zgbb lZdbo kebygbc1

LZdbf h[jZahf/ \_kv Ze]hjblf ihbkdZ \_dlhjgh]h
ij_^klZ\e_gby jZkljh\hc h[eZklb khklhbl ba h^gh]h
pbdeZ/ bf_xs_]h ke_^mxsbc \b^=

Pbde ihdZ g_ \k_ kljhdb bkq_jiZgu
• <aylv ke_^mxsmx kljhdm bah[jZ`_gby
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• Knhjfbjh\Zlv \_jogxx ohj^m wlhc
kljhdb/ ih oh^m ZgZebabjh\Zlv \aZbfgh_
jZkiheh`_gb_ ohj^u b gh\hc kljhdb/ Z
lZd`_ lhqdb baehfZ

• Knhjfbjh\Zlv gb`gxx ohj^m wlhc
kljhdb/ ZgZebabjh\Zlv kebygby

Dhg_p pbdeZ

Wlhl Ze]hjblf y\ey_lky bg^mdlb\guf/ lh _klv
ZgZebabjm_l kljhdb jZkljZ ih h^ghc/ ijh[_]Zy bo
k\_jom \gba1 DZd ke_^kl\b_ wlh]h/ h[t_f g_h[oh^bfhc
iZfylb ebg_cgh ijhihjpbhgZe_g ebrv ^ebg_
jZkljh\hc kljhdb1 D lhfm `_/ ^ey h^gh]h ihkljh_gby
ohj^u +\_jog_c beb gb`g_c, ^hklZlhqgh ijh[_`Zlv \k_
lhqdb baehfZ +dhgp_\u_ lhqdb hlj_adh\/ jZkkfZljb\Zy
ohj^u dZd ihebebgbb, ke_\Z gZijZ\h h^bg jZa1 LZdbf
h[jZahf/ dhebq_kl\h hi_jZpbc/ aZljZqb\Z_fuo ^Zgguf
Ze]hjblfhf gZ ij_h[jZah\Zgb_ bah[jZ`_gby/ y\ey_lky
ebg_cghc \_ebqbghc hl dhebq_kl\Z dhgljhevguo lhq_d
ohj^ b ebg_cgh ijhihjpbhgZevgh i_jbf_ljm jZkljh\hc
h[eZklb, qlh ij_\hkoh^bl ih kdhjhklb mihfygmlu_ \h
\\_^_gbb kms_kl\mxsb_ Ze]hjblfu1

4. IHKLH;J:;HLD: HKLH<:
>ey ijb[eb`_gby ihemq_ggh]h \_dlhjgh]h

ij_^klZ\e_gby +hklh\Z, d lj_[h\Zgbyf l_o beb bguo
dhg_qguo ihevah\Zl_e_c/ kljhys__ky ij_^klZ\e_gb_
fh`_l [ulv h[jZ[hlZgh g_ihkj_^kl\_ggh \ ijhp_kk_
nhjfbjh\Zgby1 D ihklh[jZ[hld_ hklh\Z fh`gh hlg_klb
kbfiebnbdZpbx b nbevljZpbx1

4.1 KbfiebnbdZpby
KbfiebnbdZpb_c gZau\Z_lky aZf_gZ ebgbc

ihemq_ggh]h hklh\Z gZ ihebebgbb +ehfZgu_,/
khklhysb_ ba hlj_adh\ [hevr_c ^ebgu1 Ijb wlhf
fZdkbfZevgh_ hldehg_gb_ hklh\Z hl ihebebgbb g_
^he`gh ij_\urZlv gZi_jz^ aZ^Zggh]h qbkeZ1
<hafh`gh ijbf_g_gby Ze]hjblfZ kbfiebnbdZpbb

g_ihkj_^kl\_ggh ijb ihkljh_gbb hklh\Z/ b/
ke_^h\Zl_evgh/ hliZ^Z_l g_h[oh^bfhklv \ ojZg_gbb
hklh\Z \ iZfylb1 J_amevlZlhf ij_h[jZah\Zgby
jZkljh\h]h bah[jZ`_gby \ \_dlhjgh_ ij_^klZ\e_gb_
kjZam y\eyxlky ihebebgbb/ dhlhju_ fh`gh
bkihevah\Zlv \ ex[hf kbkl_f_/ jZ[hlZxs_c k
\_dlhjghc ]jZnbdhc1

4.2 NbevljZpby
DZd m`_ hlf_qZehkv/ hkgh\ghc h[eZklvx

ijbf_g_gby Ze]hjblfZ ij_h[jZah\Zgby jZkljh\h]h
bah[jZ`_gby \ \_dlhjguc nhjfZl y\eyxlky
bah[jZ`_gby/ ihemq_ggu_ k ihfhsvx kdZg_jZ beb
pbnjh\hc dZf_ju1 LZdb_ mkljhckl\Z \\h^Z ]jZnbq_kdhc
bgnhjfZpbb bf_xl hij_^_ezggmx lhqghklv
+jZaj_r_gb_,1 D lhfm `_/ bkoh^guc fZl_jbZe
+gZijbf_j/ q_jlz`, fh`_l bf_lv g_agZqbl_evgu_
bkdZ`_gby beb ih]j_rghklb/ dhlhju_ kdZ`mlky ijb
ihkljh_gbb \_dlhjgh]h ij_^klZ\e_gby1 <hagbdZ_l

aZ^ZqZ h[ mkljZg_gbb beb bkijZ\e_gb_ l_o qZkl_c
ihemq_ggh]h hklh\Z/ dhlhju_ ih g_dhlhjhfm djbl_jbx
kqblZ_lky hrb[hqgufb1
Ij_h[jZah\Zgb_ ihemq_ggh]h \_dlhjgh]h

ij_^klZ\e_gby d \b^m/ [he__ hl\_qZxs_fm ihgbfZgbx
ijbjh^u bkoh^gh]h bah[jZ`_gby +q_jl_`/ l_dkl/ b l1i1,
gZau\Z_lky nbevljZpb_c.
Nbevlju lZd`_ fh]ml ijbf_gylvky g_ihkj_^kl\_ggh

\ ijhp_kk_ nhjfbjh\Zgby hklh\Z/ b/ ke_^h\Zl_evgh/
dhg_qguc ihevah\Zl_ev fh`_l ihemqblv m`_
bkijZ\e_ggh_ \_dlhjgh_ ij_^klZ\e_gb_1

5. A:DEXQ?GB?
< klZlv_ jZkkfhlj_g gh\uc Ze]hjblf ihemq_gby

hklh\Z jZkljh\h]h bah[jZ`_gby1 Ij_^eh`_gguc
Ze]hjblf y\ey_lky wnn_dlb\guf b hilbfZevguf k
lhqdb aj_gby [ukljh^_ckl\by b iZfylb1 Hg bkihevm_l
lhevdh Z^^blb\gmx p_ehqbke_ggmx Zjbnf_lbdm

;ukljh^_ckl\b_ hij_^_ey_lky ke_^mxsbfb
k\hckl\Zfb=

1. Bg^mdlb\ghklv ± kljhdb jZkljZ \u[bjZxlky
^ey ZgZebaZ ihke_^h\Zl_evgh ih h^ghc
k\_jom \gba

2. IjhklZy p_ehqbke_ggZy Zjbnf_lbdZ
3. H[s__ dhebq_kl\h hi_jZpbc ebg_cgh

aZ\bkbl lhevdh hl i_jbf_ljZ h[eZklb

LZd dZd ZgZeba ijhbkoh^bl ihkljhqgh/ lh g_
lj_[m_lky ojZgblv jZkljh\h_ bah[jZ`_gb_ \ iZfylb
dhfivxl_jZ1 IZfylv jZkoh^m_lky lhevdh gZ ojZg_gb_
ohj^ +kjZ\gbfh k ojZg_gb_f h^ghc kljhdb jZkljZ, b
dhg_qgh]h j_amevlZlZ ± ihebebgbc beb p_i_c/ dhlhju_
ih f_j_ ihkljh_gby fh]ml aZibku\Zlvky gZ ^bkd. LZdbf
h[jZahf h[sbc h[t_f hi_jZlb\ghc iZfylb fh`_l [ulv
h]jZgbq_g g_kdhevdbfb dbeh[ZclZfb1

M^h[kl\h Ze]hjblfZ ^ey ihevah\Zl_ey hij_^_ey_lky
\hafh`ghklvx h[jZ[hldb hklh\Z g_ihkj_^kl\_ggh \
ijhp_kk_ _]h nhjfbjh\Zgby/ ke_^h\Zl_evgh
ihevah\Zl_ev fh`_l ihemqblv m`_ ]hlh\h_ ^ey
bkihevah\Zgby \_dlhjgh_ ij_^klZ\e_gb_1

LZdbf h[jZahf/ ij_^klZ\e_gguc Ze]hjblf fh`_l
[ulv bkihevah\Zg dZd \ dZq_kl\_ g_aZ\bkbfh]h
^hiheg_gb_ dh fgh]bf ijh]jZffguf ijh^mdlZf/ lZd b
\ dZq_kl\_ \kljh_ggh]h dhfihg_glZ kbkl_f jZ[hlu k
\_dlhjghc ]jZnbdhc/ lZdbo dZd =BK b kbkl_fu HJK.

IjhklhlZ Ze]hjblfZ b fZeuc h[t_f g_h[oh^bfhc
iZfylb h[_ki_qb\Z_l \hafh`ghklv ZiiZjZlghc
j_ZebaZpbb b g_ihkj_^kl\_ggh]h bkihevah\Zgby \
kj_^kl\Zo \\h^Z bah[jZ`_gby/ lZdbo dZd kdZg_j beb
pbnjh\Zy dZf_jZ1

International Conference Graphicon 1998, Moscow, Russia, http://www.graphicon.ru/



6. EBL?J:LMJ:
[1] <L1IZ\eb^bk>. <:e]hjblfu fZrbgghc ]jZnbdb

b h[jZ[hldb bah[jZ`_gbc/ Fhkd\Z/ “JZ^bh b k\yav”,
1986>.

[2] <N1Ij_iZjZlZ/F1R_cfhk>. <<uqbkebl_evgZy
]_hf_ljby= <\_^_gb_/Fhkd\Z/ “Fbj”, 1989>.

[3] <?1<1Rbdbg/:1<1;hj_kdh\>. <Dhfivxl_jgZy
]jZnbdZ/Fhkd\Z/ “>bZeh]0FBNB”, 1995>.

[4] <>1B\Zgh\>.<>biehfgZy jZ[hlZ/ F_oZgbdh0
fZl_fZlbq_kdbc nZdmevl_l F=M/ 4<<;>

:\lhju:

B\Zgh\ >_gbk <eZ^bfbjh\bq/ ZkibjZgl f_oZgbdh0
fZl_fZlbq_kdh]h nZdmevl_lZ Fhkdh\kdh]h
=hkm^Zjkl\_ggh]h Mgb\_jkbl_lZ
Dmavfbg ?\]_gbc IZ\eh\bq/ klZjrbc gZmqguc

khljm^gbd f_oZgbdh0fZl_fZlbq_kdh]h nZdmevl_lZ
Fhkdh\kdh]h =hkm^Zjkl\_ggh]h Mgb\_jkbl_lZ
:^j_k=Fhkd\Z/ 44<;<</ <hjh[v_\u ]hju/F=M/

f_oZgbdh0fZl_fZlbq_kdbc nZdmevl_l/ eZ[hjZlhjby
\uqbkebl_evguo f_lh^h\
L_e_nhg2nZdk= +3<8, 64<046:;
?0PDLO= csl@online.ru

D.Ivanov, Ye.Kuzmin

An efficient algorithm for extraction of raster image
skeleton.

Raster-to-vector conversion is important problem for
wide range of graphic application such as GIS and OCR.
This conversion is based on extraction of image skeleton,
which preserve all principal information about the image.

 Existing methods for skeleton extraction are very
memory and time expensive. In this paper a new efficient
and optimal algorithm is described. Processing time is
linearly depend on area perimeter, and required memory is
only few kilobytes. Algorithm uses only simple integer
arithmetic and allows hardware implementation.
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