Optimal polygonization of implicit surfaces

Vladimir Usov
Novosibirsk State Technical University

Novosibirsk, Russia
usov(@sibmail.ru

Abstract

In this paper the main definitions of piece regular implicit
surfaces, of surfaces curvature, of approximation of piece regular
implicit surfaces are introduced. The task of optimal
polygonization of piece regular implicit surfaces and some
approaches to its solution are given.
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1. INTRODUCTION

The task of optimal polygonization of implicit surfaces with
features is extensively discussed [2-6]. In this work the class of
piecewise regular implicit surfaces is defined and the approaches
to a solution of the task of construction optimal polygonization of
surfaces from this class are described.

2. POLYGONAL SURFACE

The oriented 2D surface without the boundary, agglutinated from
polygons (triangles and tetragons) homomorphic to a circle is

called polygonal surface in R®. Interior area of a polygon of
such surface is named a face of the surface, and an edge and a
vertices are named an edges and a vertices of the surface. In the
further let us assume, that two various faces of polygonal surfaces

are not intersected. Thus polygonal surface M in R 3 s the
boundary of some body 7' (M) .

In the further, let us assume, that normals to the edges of the
surface M defining orientation are directed outside of a body

T(M).
3. REGULAR IMPLICIT SURFACE

Let f R } — R is the smooth image. The set with level ¢
for image f is named regular implicit surface, if it is nonempty

and gradient of function f is not becoming zero on this set.

4. CURVATURE

4.1 Curvature of smooth curve

Let L: [O,d]—) R’ is the smooth curve on (O,d), that
parameterized length of an arc; e(s ) is unit tangent vector to the
curve L in the point L(S), where § € (O,d). Draw e(s)

. 2
from the center of the unit orb S , and then the curve

e: [0,61]—) S2 is taken on sphere S2.

Value of rotation O'L[a,b] of the arc L[a,b] in space is
defined as the length of the curve e:[a,b]—>S2 and
curvature K(S) of the curve L in the point L(S ) is defined as
limit:
. o,[s,s+A
k(s) = hmM

A0

If length of the curve € : (0, d) - Sz is finite, the curve L is
named as a curve with limited rotation on space. If such value
ky >0 that for all s € (O,d) k(S) <k, is found, then the

curve L is named as curve with limited curvature.

4.2 The rotation of polyline in space
Let L is polyline in R® and Ay, A,,..., A, are consecutive

n

vertices of the polyline. Let €;,€,,...,€, are unit directive

>¥n
vectors of the links AOA1 ,A1 Az ,...,AnflAn of the polyline.
Draw the vectors €,,€,,...,€, from the center of the unit orb
S 2. The length of the polyline on the unit orb with consecutive

vertices €,,€,,...,€, is named the rotation of polyline L in

n

space.
If AS is the interior vertex of the polyline L then any of unit
vectors corresponding to point of arc € €, will be named the
tangential vector to L in point Ax .

4.3 The curvature of smooth surface

Let F is the regular implicit surface and let F p s the tangential
space in a point p € F and € is a unit vector lying in the
tangential space F p and outgoing from a point p, n( p) isa

unit normal of a surface in a point p . Set a plane J(e)

passing through a point P and containing vectors /1 and €.
This plane intersects a surface along a curve Le ,let k(e) is

curvature of a curve L ., inapoint p and N s vector outgoing
from a point p in direction of center adjoining circle.

The curvature Ke) of the surface in point p in direction € is
defined by formula P(e) =1k(e) where sign before k (e) is
defined as inverse to sign of dot product (N , n) .

Following theorem is valid:
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In tangent space of the point p it is possible to select two
orthogonal directions €;,€,, such that for any direction

e, =¢Ccospte, Sin@ value of curvature equally:

k(e(p ) =k, (e, )cos® p+k, (e, )sin® ¢.

Values kl (el ):kz (62) is named principal curvatures of a

surface in a point p and €;,€, are principal directions

appropriate to them.

The value k = k] k2 is named Gaussian curvature of a surface
inapoint p .

Depending on value of Gaussian curvature (fig. 1) the points are
called as points of convexity, saddle points, points of zero

curvature and point of flattening (kl =0, k2 = 0).

©) k, -k, >0 d)
Figure 1

Integral curvature of a surface £ is the integral

o(F) = j j Kdo

where K is the Gaussian curvature and d & the element of
surface area.

The set n(G) = {n(p)e S? | p € G} on unit orb is named

as spherical image of the set G C F'. For the point pE F the
Gaussian curvature is equal to limit of the quotient of areas

. G
K(p)= lgm%

if the areas G C F’ is contracted to the point p .
The integral

@l(G) = [[|K|do

is named as absolute curvature of the open set G < F'.[1]

4.4 Calculation of principal curvatures and
principal directions

Let P is a point on the surface, €,,e, is a pair of single
tangents orthogonal vectors to a surface in the point P,
e =(e,€,,€5),6, =(€y,6p,€5).
Find the values
1 o f
Hab - \V/ Za o €a,jCb.i>
[Vr] 55 oxox,
Let k19k2 are the eigenvalues of the matrix H , and
El = (ull 9”12)9 E2 = (M21 3”22) are the appropriate to
them single eigenvector. Then kl,kz are principal curvatures,
and E, =u,e +u,e,, E,=u,e +u,e, are
principal directions.

4.5 Line of curvature

Curve on a surface /' is named as a line of curvature if in each
of the own interior points has a tangent which direction coincides
with one of principal directions of a surface in the given point.

4.6 The curvature of polygonal surface

Let V is the vertex of polygonal surface M . Let @ is the value
of Euclidean angle around of vertex V. This is summation of
angles of triangles adjoined to the given vertex.

Then the value @(V) =27 —¢ is named the interior
curvature of vertex V.

Let S(v,e)={xe M | p(x,v)=¢} is the circle on M
centered in vertex V and the circle does not contain inside
vertices differing from V. We orient it so that the vertex Vv
remained at the left at bypass of the circle, if view directed by
normal (outside of the body 7' (M ) ). Let S * is a unit orb
oriented by own exterior normal. Spherical representation
S* (V, 8) of circle S(v, 8) is the polyline on the sphere S2
(on half-sphere), and the consecutive vertices of one are the

normals of the face consecutive tracing along S (v, & ) The
oriented area (V) of this polyline is named exterior curvature
of vertex V. It is easily determined that @(V) = @(V) .

Integral curvature of a surface M is the summation

o(M) = Z @(V) where summation is produced along the all
v
vertices of polygonal surface. It is known, that the curvature

a)(M ) depend on topological type of surface and is associated
with Eiler characteristic of the surface by the following formula
a)(M ) =2 )((M ) Thus, the curvature of the surface
homeomorphic to sphere is equal 47 , the curvature of the
surface homeomorphic to torus (to sphere with handle) is equal 0,
the curvature of the surface homeomorphic to sphere with &
handle is equal 277 - (1 — k).
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The vertex of a polygon surface is called as the regular if the
spherical representation of a surface of the oriented circle is a
polyline on without self-intersections

The vertex V of a polygon surface M is called as the regular if
the spherical representation of a surface S *(V, £) of the
oriented circle S(V,&) is a polyline on S ® without

self-intersections.

If curvature of such vertex is nonnegative, the vertex is named
convex; if curvature of such vertex is negative the vertex is named
saddle.

5. PIECE REGULAR IMPLICIT SURFACES

The set P is named as surface in R° if it is possessed of the
following property: for every point p € P the such & > 0 is
existed, that the intersection of open sphere B(p, &) centered in

point p , radius & with P is homeomorphic to the plain circle
B’ 1If for some & >0 the set U(p,e)=B(p,e)nP

o 2 3
allows the regular parameterization 7 :B”—> R~ of class
3 . . .
C”, then point pE P is named as regular point of surface, else
the point P is named as critical point of the surface.

Surface P is named as piecewise-smooth surface, if the set of its

critical point € is representable as union of two sets Qo and

Ql , where Qo is the finite set of point and Ql is the finite set
of open smooth noncrossing curve with limited curvature; and

moreover the absolute curvature of the set P\Q on P is
limited.
Piecewise-smooth surface is named as piece regular surface if the

following condition is additionally held. Let the curve ¥ € Ql
and point p € ¥ . Consider the neighborhood U (p,&) which
is not contained of critical point except the point from curve }
moreover that U(p,&)\ 7 consist of open regular smooth
surface U 1 U » - Require, that each of those surfaces might be
continued through a boundary curve U (p, &) M ¥ by a smooth

regular fashion. Thus closed sets {1,/ 2 should be subsets of
some open smooth regular surfaces. In the future a points from
Qo is named as vertices and curves from Ql is named as edges

of piece regular surface.

6. POLYGONIZATION SUBORDINATED TO THE
CURVATURE OF THE SURFACE

6.1 Approximation of smooth curve

Let K is smooth curve in R’ , L is polyline. Let's speak, that
polyline determines & — O -approximation K , if polyline L
has following properties:

1- Polyline L lies in & -neighborhood of curve K considering

. 3
as set 1in R .

2 Curve K liesin & -neighborhood of polyline L considering
assetin R’
3 Forevery point p € L theset 77, (p) € K is defined and

for every point ¢ € K the set 77 (¢) < L is defined and
the following conditions are held:

« 7,(p)c B(p,e)

« 7x(q9) = B(q,¢)

« gem ome(q)

« pengen(p)

o If #,(p) isa unit tangent to L in point p € L, then
such point g € 77, (p) that |1, (q)—t,(p)|<O is

found.
o Iff, (q) is a unit tangent to K in point ¢ € K , then
such point p € 7Z'K(q) , that | ty(@)—t,(p) <O is

found.

6.2 Approximation of piece regular implicit
surface

Let F' is piece regular implicit surface.

The polygonal surface M is named as & ) -approximation

F' if the following conditions are held:

1 Surface M lies in & -neighborhood of surface F'
considering as set in R’

2 Surface F' lies in & -neighborhood of surface M
considering as set in R’
3 For every point p € M the set TCyy (p) C F s defined

and for every point ¢ € I the set 77, (9) = M is defined
and the following conditions are held:

« my(p)cB(p,¢)

« 7:(q) = B(q,¢)

« gemyonp(q)

o pempomy(p)

o If n,,(p) is a unit tangent to M in point p € M ,

q €7, (p) that
|n,(q)—n, (p)|< 0 is found.

o If np (@) is a unit tangent to £ in point ¢ € F' then

such point pGﬂ'F(q) that ‘np(q)—nM(p)Ké‘

is found.

then such point

4 Let V is the vertex of polygonal surface M , U M (v) is the
neighborhood, consisting of triangles adjacent to VvV and

z(U,(v))eDc F.
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e If D is the area of strict positive Gaussian curvature, then
V is the convex point.

e If D is the area of strict negative Gaussian curvature,
then V is saddle point.

The property 4 guarantee to preserve of important characteristics
(convexity and saddle-shaped) of corresponding areas on /' and

M.

5 Require, that each of edges of the surface F' should be
accordingly approximated by polyline consisting of edges of

polygonal surface M .
6.3 The epsilon-normalized triangulation

Let M is the linear polygonization of surfaces F' = P ( f , C) R
A is a face of polygonization, A = T (A) is curvilinear
triangle on F', in which A is projected on F' along lines of a
gradient f . Let n(X ) is exterior normal to the surface F' ina
point X EA*, n is exterior normal to A. If an angle
Z(n,n(X))< & forall X €A’ then the face A is called
as & -normalized. The linear polygonization M of the surface
F, which all faces are & -normalized, and vertices lay on a

surface F', is named & -normalized triangulation of a surface.

For the fixed & > 0, & -normalized triangulation containing the
least amount of triangles is called & -optimal.

Theorem 1. If a surface F' is convex, then under sufficiently
small & >0 number of triangles & -optimal triangulation is

167
3\/552 .

Theorem 2. Let I is piecewise regular surface, thus F' \ Q% is

close to

disintegrated on connected components Fl ,F. D peens F m » Which

are areas of a constant signs Gaussian curvature. Suggest, that the
minimum of principal curvatures for points of areas is different
from zero and the sum of space rotational of their boundaries is
restricted. Then number of triangles & -optimal triangulation of a
4K
surface F' under & — 0 is equivalent ———, where K is
332

the sum of absolute values of integral curvatures of areas

F,,F,,..F,

m

AVAVAVAVAVAVAVAVAVAY/
N AVAVAVAVAY,y,
AR

Xyt +x7y?-20=0

xt+yt+zt-16=0

unit orb

epsilon-normalized triangulation

Figure 2

7. REFERENCES

[1] L J. Bakelman, A.L. Verner, B.E. Kantor. Introduction in
differential geometry as a whole. — Moskow, Nauka, 1973

[2] Belyaev A.G., Pasko A.A., Kunii T.L. Ridges and ravines on
implicit surfaces, Computer Graphics International'98, IEEE
Computer Society, 1998, ISBN 0-8186-8445-3, pp. 530-535

[31 Yu. Ohtake and A. G. Belyaev. Dual/primal mesh
optimization for polygonized implicit surfaces. In Proceedings of
7th ACM Symposium on Solid Modeling, Saarbruken, Germany,
2002.

[4] Yu. Ohtake, A. G. Belyaev, and A. A. Pasko. Dynamic
meshes for accurate polygonization of implicit surfaces with sharp
features. In International Conference on Shape Modeling and
Applications, pages 74-81, Genova, Italy, May 2001.

[51 Yu. Ohtake, A. G. Belyaev, and 1. A. Bogaevski. Polyhedral
surface smoothing with simultaneous mesh regularization. In R.
Martin and W. Wang, editors, Geometric Modeling and
Processing 2000, pages 229-237, Hong Kong, April 2000.

[6] Yu. Ohtake, A. G. Belyaev, and 1. A. Bogaevski. Mesh
regularization and adaptive smoothing. Computer-Aided Design,
Accepted for publication.

About the author

Doctor Vladimir Usov is a lecturer at Novosibirsk State Technical
University, Department of High Mathematics. His contact e-mail
is usov(@sibmail.ru.

International Conference Graphicon 2005, Novosibirsk Akademgorodok, Russia, http://www.graphicon.ru/




<<
  /ASCII85EncodePages false
  /AllowTransparency false
  /AutoPositionEPSFiles true
  /AutoRotatePages /All
  /Binding /Left
  /CalGrayProfile (Dot Gain 20%)
  /CalRGBProfile (sRGB IEC61966-2.1)
  /CalCMYKProfile (U.S. Web Coated \050SWOP\051 v2)
  /sRGBProfile (sRGB IEC61966-2.1)
  /CannotEmbedFontPolicy /Warning
  /CompatibilityLevel 1.5
  /CompressObjects /Off
  /CompressPages true
  /ConvertImagesToIndexed true
  /PassThroughJPEGImages true
  /CreateJDFFile false
  /CreateJobTicket false
  /DefaultRenderingIntent /Default
  /DetectBlends true
  /ColorConversionStrategy /LeaveColorUnchanged
  /DoThumbnails false
  /EmbedAllFonts true
  /EmbedJobOptions true
  /DSCReportingLevel 0
  /EmitDSCWarnings true
  /EndPage -1
  /ImageMemory 1048576
  /LockDistillerParams false
  /MaxSubsetPct 100
  /Optimize true
  /OPM 1
  /ParseDSCComments true
  /ParseDSCCommentsForDocInfo true
  /PreserveCopyPage true
  /PreserveEPSInfo true
  /PreserveHalftoneInfo false
  /PreserveOPIComments false
  /PreserveOverprintSettings true
  /StartPage 1
  /SubsetFonts true
  /TransferFunctionInfo /Apply
  /UCRandBGInfo /Preserve
  /UsePrologue false
  /ColorSettingsFile ()
  /AlwaysEmbed [ true
  ]
  /NeverEmbed [ true
  ]
  /AntiAliasColorImages false
  /DownsampleColorImages true
  /ColorImageDownsampleType /Bicubic
  /ColorImageResolution 300
  /ColorImageDepth -1
  /ColorImageDownsampleThreshold 1.50000
  /EncodeColorImages true
  /ColorImageFilter /DCTEncode
  /AutoFilterColorImages true
  /ColorImageAutoFilterStrategy /JPEG
  /ColorACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /ColorImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000ColorACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000ColorImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasGrayImages false
  /DownsampleGrayImages true
  /GrayImageDownsampleType /Bicubic
  /GrayImageResolution 300
  /GrayImageDepth -1
  /GrayImageDownsampleThreshold 1.50000
  /EncodeGrayImages true
  /GrayImageFilter /DCTEncode
  /AutoFilterGrayImages true
  /GrayImageAutoFilterStrategy /JPEG
  /GrayACSImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /GrayImageDict <<
    /QFactor 0.15
    /HSamples [1 1 1 1] /VSamples [1 1 1 1]
  >>
  /JPEG2000GrayACSImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /JPEG2000GrayImageDict <<
    /TileWidth 256
    /TileHeight 256
    /Quality 30
  >>
  /AntiAliasMonoImages false
  /DownsampleMonoImages true
  /MonoImageDownsampleType /Bicubic
  /MonoImageResolution 1200
  /MonoImageDepth -1
  /MonoImageDownsampleThreshold 1.50000
  /EncodeMonoImages true
  /MonoImageFilter /CCITTFaxEncode
  /MonoImageDict <<
    /K -1
  >>
  /AllowPSXObjects false
  /PDFX1aCheck false
  /PDFX3Check false
  /PDFXCompliantPDFOnly false
  /PDFXNoTrimBoxError true
  /PDFXTrimBoxToMediaBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXSetBleedBoxToMediaBox true
  /PDFXBleedBoxToTrimBoxOffset [
    0.00000
    0.00000
    0.00000
    0.00000
  ]
  /PDFXOutputIntentProfile (None)
  /PDFXOutputCondition ()
  /PDFXRegistryName (http://www.color.org)
  /PDFXTrapped /Unknown

  /Description <<
    /FRA <>
    /JPN <FEFF3053306e8a2d5b9a306f30019ad889e350cf5ea6753b50cf3092542b308000200050004400460020658766f830924f5c62103059308b3068304d306b4f7f75283057307e30593002537052376642306e753b8cea3092670059279650306b4fdd306430533068304c3067304d307e305930023053306e8a2d5b9a30674f5c62103057305f00200050004400460020658766f8306f0020004100630072006f0062006100740020304a30883073002000520065006100640065007200200035002e003000204ee5964d30678868793a3067304d307e30593002>
    /DEU <>
    /PTB <>
    /DAN <>
    /NLD <>
    /ESP <>
    /SUO <>
    /ITA <>
    /NOR <>
    /SVE <>
    /ENU <>
  >>
>> setdistillerparams
<<
  /HWResolution [2400 2400]
  /PageSize [612.000 792.000]
>> setpagedevice


